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Transient Regime of Linear Circuits

Definition
Whenever a circuit is switched from one condition to
another, either by a chang€ in the applied source or a
change in the circuit elemegnts — there is a transitional
period during which the Ppranch currents and element
voltages change from their jormer values to new ones.

This period is called the transient time.
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Transient Regime of Linear Circuits

Important Concepts

» The differential equation (the 1st, 2nd, .. .nth order).

» Forced (particular) and natural (complementary)
solutions.

* The time constant.

» Transient and steady state waveforms.




Transient Regime of Linear Circuits

Remarks

After the transient time (transient voltages and currents have
settled down) the circuit is said to be in the steady state.

The time varying voltage and current in a circuit can be
described by a linear differential equation:

d"'v(t)

tn—l

T anfl

+..tag(t)= f(t)

nth order is given by the number of energy storage
elements (capacitors and inductors)

u

Transient Regime of Linear Circuits

Particular Solution (Steady State Solution)

The particular solution — called also as forced solution or
steady state solution — v,,(t) is typically a weighted sum of (%)
and its first n derivatives.

If the right term term f(t) is:

- constant, then v,(t) is constant.
* sinusoidal, then v,,(t) is sinusoidal.




Transient Regime of Linear Circuits

Complementary Solution (Transient Solution)

* The complementary solution — called also as transient
solution or natural solution — is the solution to the
homogeneous equation:

A da)
n + a, n—1
dt dt

» The final complementary solution has the form:

+...+av()=0

v (=Y Ke"
i=1

Transient Regime of Linear Circuits

Where:
+ s, through s, are the roots of the characteristic equation:

s"+a, s"" 4. +as+a,=0

« if s;is a real root, it corresponds to an exponential term:
s;t
K.e

+ if 5;is a complex root, there is another complex root that
is its complex conjugate, and together they correspond

to an exponentially decaying sinusoidal term:

e (A cosw,t+ B, sinw,t)




Transient Regime of Linear Circuits

Final solution

d"v(t) d"'v(t)

+a ,——+...+a,v(t)= t
e v V(@)= f()
unknowns
/ //

v=v, (6)+v,()=v, (1)+ Z K.e"
i=l1

Transient Regime of Linear Circuits

Continuity Conditions

Is it possible for the capacitor voltage or for the inductor
current simply to jump up to their final values immediately ?

I di

u, =L—

L dt \

If, the current in an inductor is not continuous the voltage on
the inductor is infinite.

The current in an inductor, immediately after a step in a
source waveform must be the same as the current just
before the step.

u




Transient Regime of Linear Circuits

) _Ca’uC

e dt

If, the voltage on a capacitor is not continuous the current
across is infinite.

The voltage on a capacitor, immediately after a step in a
source waveform must be the same as the voltage just
before the step.

u,(0.)=u_0,)=u_0)

The continuity conditions tell us that capacitor voltages and
inductor currents cannot be discontinuous.

u

Transient Regime of Linear Circuits

Therefore, for a network with:

* zero initial conditions at t = 0, we need simply to replace a
capacitor by a voltage source of zero voltage (this is simply
a short circuit) or an inductor by a current source of zero
output current (this is simply an open circuit), and solve for
the initial values of any network variable in which we are
interested.

« if some initial condition happens to be present on any of
these elements, the replacement source will simply have the
appropriate value of the initial capacitor voltages or inductor
currents.

u




Transient Regime of Linear Circuits

v=v, ()+v,()=v, )+ Z K.e"
=

/

For each:
} + Capacitor

* Inductor

i,(0.)=i,(0,)=1i,(0)

u (0.)=u(0,)=u_(0)

First Order Linear Circuits

First Order Linear Circuits

 any circuit with a single energy storage element (inductors
or capacitors), an arbitrary number of sources, and an
arbitrary number of resistors is a circuit of order 1.

+ types of 18t order circuits:
* R, L circuits;
* R, Ccircuits.

» any voltage or current in such a circuit is the solution to a
1st order differential equation.

u




Transient of the RL Circuit
Upg u; Up +u, :u(t)

|

R . i
L i(t) Ri +L%: u(r)

- ! |
u(t) \_/ >i t =0 i(1)=i (1) +i, (1)

di,
Ri,+L—=0
DT

up

Transient of the RL Circuit

Complementary Solution

» The characteristic equation:

s-L+R=0 ) =

* How do | choose the value of K?

* The initial conditions determine the value of K (initial
value of the inductor’s current).

up




Transient of the RL Circuit

i(0) = i(0) + i(0) or iy=ip +K

ThUS .‘ K = iO - ipo

i(t)=ip(t)+(i0—ip0>-e'§’: ip(t>+(i0_ip0)'e-£

Where:

ip(ty| represents solution of the non-homogenous equation (similar form
to the exeftatigny - it is called the particular (or steady-state) solution

«repreSentsthe value of the current immediately before the switching

peration i, = (0.). Obtained from the continuity conditions.

Ipo }eﬁesents the steady state-value of the currentatt =0

4 the quantity L/R must have the dimensions of time (constant time).

up

Transient of the RL Circuit

The quantity L/R is called time constant of a R,L circuit

L
[T]:E

This is can be verified by direct dimensional analysis:

[E} _fob] 1 Q1
Qs T

up




Transient of the RL Circuit (constant excitation)

Response to sources with constant excitation
a) The switch is closed

L= +R-i=E U(t) = E = cst.

the steady-state currentis: i,= E/R

the steady-state current att = 0 is: /= i,= E/R

the initial current in the circuit att < 0 is: i,=i(0-) = 0.

()=, 1)+ (i0-i,0)-€

E E X E R,
i =—+0—-—")el =—.(1-et
(1) 2 ( R) P ( )

up

Transient of the RL Circuit (constant excitation)

E/R
What does i/ (t) look like? :

E

i(t):E~

The voltage across the inductance L is:

"\E
0.8
di R, 0.6
ur=L—=E.¢L 04
dt 0o

0 'gobor ' oobo3 | 0.000s
«—> t
T

up
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Transient of the RL Circuit (constant excitation)

b) The switch is opened
R L i(1)=i,(t )+ (io-ip) e
T T UMM
E
Ug uy, i(t) ip(t>=ipo< )—
R+ R
E Rp i
E
Ip= E
t=0 1
i(t)=—L (- "+ L
Rp = resistance between the switch R+R »
contacts (non-linear)
b

Transient of the RL Circuit (constant excitation)

The voltage across the inductance is:

t
00001 . 00003 | 00005

L 0

di R Tt |02
uL:L-—:__p.E.e 0.4
dt R -

0.6

-0.8

-1

up




Transient of the RL Circuit (constant excitation)

Remarks

« if E =100V and Rp/R high (i.e. 10) the voltage on the inductance
and at the switch contacts is 1.000 V.
The switch contacts can be protected by:

» connecting a diode in parallel with the inductance, or

» acapacitance in parallel with the switch contact.
_/J Diode

Transient of the RL Circuit (sinusoidal - excitation)

Response to sources with sinusoidal excitation

u u
. : u(t) = E-J2 -sin(wr +7,)
di ,
R L i) LE+Rl—u(t)
u(t) -
4@N i(1)=i,(t)+(io—i0)er’
t=0
. E
i,,=\/§-l-sm(cot+ye-(p) I:m
The steady state solution @=tan™ ‘%

13



Transient of the RL Circuit (sinusoidal - excitation)

The steady state solutionatt=0 |; '— 21 -sin( y-0)

The initial value of the currentt<0 |;;=0

The total response fort > 0 is:

_R,
i(t) =2 1-sin(t+7,-¢)—2 1 -sin(y,-@)-¢ -

up

Transient of the RL Circuit (sinusoidal - excitation)

What does i (t) look like?

i(t) 200

100

-100

w7

up
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Transient of the RL Circuit (sinusoidal - excitation)

One can study two cases:

b y-0=0 # i(t)=\/§-1-sina)t=ip

transient response.

Thus the steady-state regime appears immediately, without a

2) T ~R,
Ye-(P=5 # i(t)=\/§-l-(cosa)t—eL)

u

Transient of the RC Circuit

Transient of the RC Circuit

- s —r
1 |
: ¢ i(t) R~i+é~jidt=u(t)
But:

_/ >it:0 lzZ’jldt_q

u(t) !

dg 1

=g fi+al) R4+ L=

15



Transient of the RC Circuit

Complementary Solution

The characteristic equation:

C

R-C
qt(t):K'es.t; tZO

« How do | choose the value of K ?
* The initial conditions determine the value of K.

Transient of the RC Circuit

q0) = q,0) + ¢(0) orq,=q, +K
Thus: K= q,-q,

Where: q(1)=q,(1)+(4,-4,) ¢ 7c

Wha Citor for t > 0;
iS the perman steady-state charge) of the capacitor,

ration: g, = g (0-) .(Obtained from the continuity conditions).
. the quantity RC must have the dimensions of time.

* qt)

u




Transient of the RC Circuit

u(0) = up(O) + u (0) oruy=up, +K

ThUS .‘ K = I/lo - MDO

u(t)=up (t)+( u, -upo)-e_thc

Where:

« u(f) isthe transient voltage of the capacitor for t > O;
* uy(t) is the steady-state voltage of the capacitor;
* u, Iisthe value of the steady-state voltage for t = 0.

* u, Iisthe value of the voltage immediately before the switching operation:
U, = u(0-). (Obtained from the continuity conditions).

« T the quantity RC must have the dimensions of time.

u

Transient of the RC Circuit

The quantity RC is called time constant of a R,C circuit:
[T]= R-C

This is readily verified by direct dimensional analysis.

Rl _ O

Ly @S
I:O)C:|[O)]

[t]=[RC] = =5

17



Transient of the RC Circuit (constant excitation)

Response to sources with constant excitation

Ug Ue
a) The switch is closed (and the
capacitor is with initial zero H
conditions)
t R C
u(t)=u, (t)+< u, —upo)-e_ch u(t)=E =cst.

* the steady-state voltage is: u,= E U >i
. t=0

the steady-state voltage att =0 is: u,,= u,= E
+ the initial voltage on the capacitor is: u,= u,(0-) = 0, foratt <O0.

uo (1)= E+ (0~ E)-e € = %

_r
l—e R'C]

Transient of the RC Circuit (constant excitation)

The voltage u, (t) on the capacitor is?

u (1)=E-(1—e )

The corresponding charge on the capacitor is:

q.-=Cu (t)y=E-C-(1-erc)

The current is given by:

=94 _ o duc _E e
dt dt R

u

18



Transient of the RC Circuit (constant excitation)

What does i(t) look like?

0.8
0.6
0.4

0.2
t(s)

O 7poor o000 0.0005
t

Constant Time

up

Transient of the RC Circuit (sinusoidal excitation)

Response to sources with sinusoidal excitation

Let us consider u_.= 0.
¥ / c0
// u(t)= E -2 -sin(or +7,)

t

u(t)=up (t)+( u, -upo)-e_ﬁ

up
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Transient of the RC Circuit (sinusoidal excitation)

The steady state solution of the current:

z= R +—1 5
(0-C)

@=tan"

R-C-®

E .
/ip:«/E-E-s1n(c0t+ye-(p)

The steady state solution of the up

1 . E i T
”CP:E'J.’P'dZZ“/E' -s1n(c0t+ye-(p—5)

Z-0-C

up

Transient of the RC Circuit (sinusoidal excitation)

The initial value of the voltage att =0

ucp() = ﬁ )

E

sin(y,-9——)
Z - C Te 2

The total response is:

Z-0-C

e = ﬁi{sin(cotwe -@-%)-sin(ve '(P'g)e_RtC}

up
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Transient of the RC Circuit (sinusoidal excitation)

One can study two cases:

~Z.w.c~sina)t=up(t)

Thus the steady-state regime appears immediately, without a transient

response.

? 'Ye'(PZO ue (t)=~2-

t
—coswt+e RC]

If t<<RC, E
This is the, so-called, stroke |y, = 2(«/5—) =2-U,

voltage.

Constant time

Constant Time

The complementary solution for any 1st order circuit is:

v.(t)=K-e"

1) For R, L circuit, constant time =

> |~

2) For R, C circuit, constant time
) tT=R-C

21



Constant Time

Definition

figure the solution for u, (1) is:

Ug u;

The time constant of a given circuit is defined as the time required for
any variable to decay to 36.8% of its initial value when the circuit is
excited only by initial conditions. If we consider the circuit shown in the

di
u, (1) = L‘E e
ML(éj =E-¢'=0368-E

Constant Time

Interpretation of T

1/ T

is the initial slope of an exponential with an initial value of E=1 V.

I
081
0.6 0.368-E
041
0.2

0 oot 'tu'.h'utlé' 00005

T

u

22



Constant Time

Interpretation of T

T represents the time required for i (t) to reach 63,2 % of its final value in
an 1st order R, L circuit.

T

E l—e "

i(r)=— :%-[%]:ip-[e—_l]:ipﬂﬁﬂ
L
i(2-1)=i,-0,865
i(3-1)=1i,-0,950
i(4-1)=i,-0982

i(5-1)>1i,-0,99 = steady state regim

up

Second Order Linear Circuits

Second Order Linear Circuits

« any circuit with a single capacitor, a single inductor, an
arbitrary number of sources, and an arbitrary number of
resistors is a circuit of order 2.

+ type of 2" order circuit:
* R, L, Ccircuits.

* any voltage or current in such a circuit is the solution to a 2nd
order differential equation.

up
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Second Order Linear Circuits

Important Concepts

 The differential equation of the 2" order
» Forced and homogeneous solutions
» The natural frequency and the damping ratio

» Transient and steady state waveforms

up

Second Order Linear Circuits

R L C 1(t)
e(t)

t=0
Applying KVL to the RLC series circuit we obtain:

Up, +u, tu.=e

. di 1 pr.
Rz—I—LE—I—Efldt:e(t)

up
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Second Order Linear Circuits

Because one may write:
. d . di d’
= _q’ f dt=q, —= 9

dt dt dr’
1 B

d’q dg 1
+R—+ elt
dt? dt Cq (t)

L

o

) =
t

he eqution is given by:

9, (1)

(@]

(t
The complete solutlL of

q(1)=q,(t)+

up

Second Order Linear Circuits

d’ R d 1 1
q-l—— Ay~ g=—e (1)
d* L dt L-C L

Most circuits with one capacitor and inductor are not as easy to
analyze as the previous circuits. However, every voltage and
current in such a circuit is the solution to a differential equation of
the following form:

ile) . i)
17 + 20w, ” —I—wol(t)—f<t>

up
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equation:

* The transient solution is:

Second Order Linear Circuits

The damping ratio is: c= 5 fg
2 VL
1

The natural frequency is: Wy = —F——

JL-C
i) =i, (1) +i, (1)

The transient solution (or homogenous solution) has the form:
i(t)=K-e"

K is a constant determined by the initial conditions.

s is the root of the homogenous equation (function of the
coefficients of the differential equation): s = s(R, L, C

up

Second Order Linear Circuits

Characteristic Equation

To find the transient solution, we need to solve the characteristic

s> +28w,s + @) =0

+ The characteristic equation has two roots, s, and s..

. t t
[(t)=K,-e"+K, e”

up
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Second Order Linear Circuits

Damping Ratio and Natural Frequency

* The damping ratio is {. The damping ratio determines what
type of solution we will get:

— exponentially decreasing (£ >1)
— exponentially decreasing sinusoid (£ < 1)
+ The natural frequency is ),

— it determines how fast sinusoids wiggle.

up

Second Order Linear Circuits

Roots of the Characteristic Equation

The roots of the characteristic equation determine whether the
transient solution wiggles.

8 = =60, +@Wy6* =1| |5, = 6w, —w\¢" ~1
a) Real Unequal Roots (€ > 1)

(7gco0 +aw, «lgz —1 )t

(7gco0 -, Je? 71)1

i(1)=K, e +K,-e

Remarks:
This solution is over damped.
The constants K; , K, are computed from the initial conditions of L and C.

up

27



Second Order Linear Circuits

Over damped examples:

1 =

4.0050‘3
02 t

100508 t
b) Real Equal Roots ((=1) mmp  |i(1)=(K +K,)-e™
Remarks:
This solution is critically damped.
c) Complex Roots ({ < 1). 0 = ¢t
Define the following constants: W, =, 1—g2

up

Second Order Linear Circuits

i(t)=e" (A cosw,t+ A, sinw,t)

Remarks:

+ This solution is under damped.

» The constants A, and A, are computed from the initial conditions
of the reactive elements L and C.

Under damped example:

up
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Second Order Linear Circuits

Example

®, = 2455000
{=0.011

1. Is this system over damped, under damped, or critically damped?

2. What will the transient current look like?

a) The shape of the currentdéHends on the initial capacitor voltage
and inductor current. o
b) Exponentially decré:ési@ga.

c) This solution is under da!‘g@ i

-1

Higher Order Linear Circuits

Higher Order Linear Circuits

* The text has a chapter on 1st order circuits and a chapter
on 2nd order circuits.
» The text has no chapter on 3rd order circuits.
e Why?
Higher Order Linear Circuits are Boring!

* The behavior of a higher order (3rd or higher order) circuit
is not qualitatively different than that of a 1st or 2nd order.

» Particular solutions are similar, especially for constant and
sinusoidal sources.

u




Higher Order Linear Circuits

Remarks:

1. The natural response is a sum of decaying exponentials and/or
exponentially decaying sinusoids.

2. The responses of higher order circuits have the same sort of
characteristics as 1st and 2nd order circuits

3. There are more terms in the solution.

Mathematical Justification

Any voltage or current in an nth order linear circuit is the solution to
a differential equation of the following form:

n n—1
d™v(t) ra_ d v_(lt)
dt" dt"

+...+ayw()= f(1)

Higher Order Linear Circuits

v(1)=v, (1) 4+ (1)

1. The particular solution Vv, (t) is typically a weighted sum of f (l‘)
and its first n derivatives.

([) - { constant = Vp (l) =constant

sinusoidal = v, (t) = sinusoidal

2. The transient solution is the solution of the equation:

d"v(t) d"'v(t) _ v ()= Ke"
P +a,, P +...+ayw()=0 - ; i

S, - s@#e@@tfmﬂ%&%&ﬁéﬁedéﬁ&a&ﬁ'&fmﬁt@ Uity conditions

u
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Higher Order Linear Circuits

Time Waveforms

If s;is a real root, it corresponds to an exponential term | K e*"

If s;is a complex root, there is another complex root that is its
complex conjugate, and together they correspond to an
exponentially decaying sinusoidal term

e (A, cos@,t+ B, sin w,t)

up

Higher Order Linear Circuits

Example 1
A 3rd order linear circuit has the following characteristic equation:

$$+682+11s+6=0
1. What terms would we expect in the transient solution?

Answer
The roots of the characteristic equation are: -1, -2, and -3

The transient solution is: |K,e™" + K,e ™ + K e~

Initial conditions will determine the values of the constants K.

up




Higher Order Linear Circuits

Example 2

A 4th order linear circuit has the following characteristic equation:
$*+58-22+25+4=0
1. What terms would we expect in the transient solution?

Answer
The roots of the characteristic equation are: -1, -2, (-1 +j), (-1 —}j).

- ) - .
The transient solution is: |K e "+ K,e "+e t(A3 cost + B, sin t)

Initial conditions will determine the values of the constants K.

u

The Laplace Transform

The Laplace Transform

The advantages of the Laplace transform for the analysis of
feedback systems are:

1. It includes the initial conditions.

The work involved in the solution is a simple algebra.

The work is systematized.

The use of a table of transforms reduces the effort required.

The discontinuous inputs can be treated.

o o kA W D

The transient and steady-state components of the solution are

obtained simultaneously.

u
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The Laplace Transform

Definition

The Laplace transform is defined as: ;g[f(t)] = If(t)- e -dt=F(s)
0
where:

* s is a complex quantity
* f(t) time domain function

» F(s) frequency domain function.

Conditions that the integral converges to a finite value:

(1 fit) o dt < oo
0

f{t) to be continuous after ¢ = 0.

f(t) = 0 for 1 <0.

up

The Laplace Transform

Important Laplace Transform Basic Laplace Transform Operations
fir) F(s) ft) F(s)
k
k = Fi+ (1) | Fi(s)+Fa(s)
-at ]
¢*(a>0) s+ k- fit) k- F(s)
sin 2 df
sro I s+ F(s)- fi0-)
! £ :
s? 1 £0)
— . jm far | 2P+
e sin at (s+a)2+af
L/




Network Analysis by Laplace Transform

u U,
oo IG) 1.y L0
uL(t)J'f;(f): U, (s)=s-L-1(5)-L-i(0)
Uc Uc
. I . = o e
i ¢ I(s) 1 U,(0)
1 ¢t s-C s
uc(t)z—_[ i(1) =
c - 1 U_(0)
Uc(5)=ﬁ'1( )+ ;
[/

Network Analysis by Laplace Transform

Ug

o— [ | —e
i(t) R

up (1)=R-it)=

r =R
-L

~

N N N
I
©

b
¢ s5.C

—

Analogy

UR
o— [ | —e
I(s) R

Upy(s)=R-1(s)

Generalized impedance

Z,=R
Z,=joL

up

34



The Laplace Transform

Ug ur Ue
R L C

O
N
Applying KVL to the RLC series circuit we obtain:
g (1), (1) e (1)= (1)

di 1
R-i+L-—+—|i-dt=e(t
atclh e

i(t)

up

Network Analysis by Laplace Transform

Ug(s) Uy (s) Uc(s)

Upg(s)+U, (s)+U.(s)=E(s)

1

R-I(s)+s-L-I(s)—L-i(0)+—-I(s)+h:E(s)
s-C S

(R+s-L+Lj-I(s)=E(s)+L-i(O)—h
s-C K

1(s)

up
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The Laplace Transform

(R+s-L+Lj'I(s):E(s)+L-i(0)—ﬂ
s-C s
Z(s)-1(s)=E(s)+ L-i(0)——>

4
Z(s)-1(s)=E(s)

If the initial conditions are zero:

i(0)=U,, =0

up

Network Analysis by Laplace Transform

(att<0)

i,(0)and U (0) at <0

Inverse Laplace transform —’—b

up




Network Analysis by Laplace Transform

it)

[;Jd::"c

Example 70

C W
'°‘§'J L

Uo (att<0)

U
i (0) =iy =—* ;
R, i,(0andU,, at t<0

Uey =Up(0)=U, 1

(Laplace transform)

up

Network Analysis by Laplace Transform

I(s)
sL slc'
(Laplace transform) Lio j o
R4 Ry

Possible methods:

(any method can be applied) Kirchhoff, loop, potential,
Thevenin, Norton, etc.

L-i,-Y%
1(5)= S ) =
R+R,+s L+——
s-C

up
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Network Analysis by Laplace Transform

L-i, Yo

I(s)= 5 ] i(t)="
R+R,+s-L+—— ‘
s-C

Inverse Laplace transform in time domain

Heaviside method

F(s): P(S) = amim-'-am-lf_;”-]""“"'azs"‘ao
Q(S) s tbuys totbiStby
P(s) P(s)

Q(s)_ (5-8)(5-5,)(5-8) - (5-5)(s-5,)

up

Network Analysis by Laplace Transform

Case 1: First-order real poles

Ps) 0= -5
f)=——"—-¢e* k=1
f@ Q,(Sk)e

Case 2: First-order real poles with =
one zero pole 0)=s-[[¢s=s)=5-0,(s)
k=1

P(0)  P(s) .,
f)= —— kLt
TO=50 0 *

Other cases: see the book

up
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Network Analysis by Laplace Transform
I(5)= S (=7

R+R +s-L+——
s-C

P(s)=s+2
s+2 O(s) = (s +1)(s+4)

i T —
SUppose- (S) (s+1).(s+4) Q'(s)=2S+5

N o £ B o o BN D
(2-5+5) (2-5+5) 303

s=—4

s=—1

up




